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We present a two-particle cluster variation theory to treat the inhomogeneous nematic system 
confined by two parallel planes which align the surface molecules perpendicular to them. 
Numerical calculations are made for a film composed of 20 molecular layers. The nematic- 
isotropic transition temperatures for typical values of the strength of the surface field are given 
and the layer dependences of the order parameter are shown. The Monte Carlo simulation 
data are needed to demonstrate our results. 

Keywords: Nematic liquid crystal; inhomogeneous finite system; surface field; two particle 
cluster theory 

1. INTRODUCTION 

The importance of short range correlations between molecules in the homo- 
geneous nematic phase of liquid crystals has been demonstrated by experi- 
mental data and computer simulations [l]. There have been a few forms of 
molecular theories published on the subject of the short range correlations, 
including the Bethe method [2], the constant coupling theory [3], two 
particle cluster theory [4] and our functional variation theory based on the 
cell model [S]. Compared with the simple mean field theory, all these 
theories lead to improved values for all quantities, characteristic for the 
nematic-isotropic phase transition within the Maier-Saupe model [ 6 ] .  
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220 Z. ZHIDONG AND H. X l M l N  

Recently, molecular theories taking account of short range correlations 
between molecules have been presented to investigate nematic liquid crystal 
films [7,8] which are performed by the Lebwohl-Lasher lattice model [9] of 
finite width, having parallel free surfaces at the top and bottom. For ne- 
matic-isotropic transition temperature, averaged energy per particle, order 
parameter profile and adsorption, etc., the theoretical results are better 
agreement with the Monte Carlo simulation data than those of the mean 
field theory [lo]. Thus, the short range correlations are as important in the 
inhomogeneous finite nematic system as in the homogeneous infinite one. 

In this paper, we present a two-particle cluster variation theory to treat 
the inhomogeneous nematic system confined by two parallel planes which 
align the surface molecules perpendicular to them. Such a system is import- 
ant because substrate alignment of nematic liquid crystals is widely used 
technique to produce uniform director configurations in liquid crystal 
display cells. It has been studied by using the mean field approximation 
of the appropriate lattice model [ 1 1 ]  and by the Landau-de Gennes 
theory 112,133. 

2. THEORY 

Let us consider a system of N liquid crystal molecules. The direction of the 
long axis of a molecule is described by the spherical coordinates 8, 4. 
Denote R = (0,b). We define one body and two body distribution functions 
g[il(Ri) and glii1(Qi, Q j ) ,  where superscript [i] refers to the definite molecule 
i and [ij] to the definite molecules i and j. It is implied that molecules may 
have different distributions when the system is inhomogeneous. The dis- 
tribution functions satisfy the normalization condition and the consistency 
condition 

where dR = sin 8 d 9 d  4 and the angular integration is taken over the whole 
solid angle. 

Suppose the molecular pair potential is V(Qi,Rj). Each molecule can 
experience a generalized external potential ELil(Qi), where superscript [i] 
implys that the external potential may be different for individual molecules. 
Within the two particle cluster approximation, the free energy of the system 

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 2
2:

04
 2

0 
A

ug
us

t 2
01

2 



TWO PARTICLE CLUSTER THEORY 

is expressed as [5,8] 

221 

where /3 I l/kT; the first summation is taken over all molecules of the 
system and the second over zcil neighbours of the molecule i. Compared 
with the expression which is used to treat the free nematic films [8], two 
terms contributed by the external field have been added to Eq. (3). The 
equilibrium distribution results from the minimization of the free energy 
with respect to the variations of the distribution functions. So we have 

where A['] is a variational constant. 
Adopting the Lebwohl-Lasher model [9], the molecular centers of mass 

are located at the sites of a simple cubic lattice. The substrate planes are 
assumed to be normal to the Z axis and they remove the homogeneity of 
the system in the Z direction but not in the XY plane. We label the layers 
parallel to the substrates with the letter m, with m = 1 and m = n denote the 
two surface layers. We suppose that the external field supplied by the 
substrates acts only on the molecules in the surface layers. When the mole- 
cule i is in the surface layers, Ec'](f2i)  = E(Qi);  when the molecule i is not in 
the surface layer, ECi1(Qi) = 0. The one body distribution function is localiz- 
ed according to the layer in which the molecule is located; i.e., we have 
gCil(Q,) = g'"')(R,), if the molecule i is in the mth layer. From Eqs. (l), (2) and 
(4), we obtain a set of equations for the one body distribution functions, 
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222 2. ZHIDONG AND H. XIMIN 

(m = 1,2, ..., n) ( 5 )  

where Z(") is equal to 5 for m = l ,n ,  otherwise it is equal to 6; A(")'s are the 
constants determined by Eq. (1). 

The molecular pair potential and the surface action potential are taken, 
respectively, as 

Here el, is the angle between the long axes of the neighbouring molecules 1 
and 2; 6 ,  is the angle of the molecule 1 in the surface layers with respect to 
the Z axis; P, is the second order Legendre polynomial; J ( > O )  is the 
coupling constant and J ,  is the strength of the surface field. In this paper, J, 
is taken to be positive, which means that the system is uniaxial; i.e.;the one 
body distribution function g(")(Q) depends only on the polar angle 8. 

In order to solve the set of equations (9, we choose a representation for 
@"(R); i.e., we expand Ing(")(R) in Legendre polynomials [S ,  8). For the 
simple potentials (6) and (7), we retain only the leading term of the expan- 
sion and write [8,14] 

where O ' " ~ S  are functions of temperature and are determined by requiring 
that this set of equations will give the orientational order parameters 
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TWO PARTICLE CLUSTER THEORY 223 

consistently. When two sets of solutions appear, the one with lower free 
energy is more stable. The free energy can be written as 

n i n  

3. NUMERICAL RESULTS AND DISCUSSION 

We have made numerical calculations for the film composed of 20 molecu- 
lar layers. Two sets of a(% are found to be the solutions of the set of 
equations (5), which give the order parameters consistently. In one set of the 
solutions, a'"') # 0 for all- molecular layers and the order parameters in the 
middle molecular layers are very close to those of the bulk system (The 
differences are the effects of finite system size [8, lo]). This set of solutions 
appears in a range of low temperature and represents the nematic phase. In 
the other set of the solutions, a(")#O only for the molecular layers ap- 
proaching the substrates and a(")= 0 for the middle molecular layers (in the 
case of J ,  = 0, a("') = 0 for all molecular layers). This set of the solutions 
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224 Z. ZHIDONG AND H. XIMlN 

represents the isotropic phase. The stable set of solutions is determined by 
the free energy given by equation (11). In the low temperatures, the former 
has lower free energy, i.e. the system is in the nematic phase. At a certain 
temperature which depends on the strength of the surface potential J,, two 
sets of solutions have the same free energy, and the nematic to isotropic 
phase transition occurs. Our theory predicts the first order nematic- 
isotropic phase transition on the calculated range of relative strength 
6 = J J J .  The transition temperatures are listed in Table I for typical values 
of 6, where the scaled temperature t = kT/J  has been introduced. For com- 
parison the numerical results of the mean field theory are also listed. 

From Table I, we can see that the short range correlations between mole- 
cules reduce the nematic-isotropic transition temperature in comparison 
with the mean field theory. In the case of freely suspended film which 
corresponds to 6 = 0, our numerical result is identical to that of Telo da 
Gama er al. (in Fig. 2 of Ref. 7) and is better agreement with the Monte 
Carlo simulation data than that of the mean field theory [8,10]. The Monte 
Carlo simulation data are needed to demonstrate our results for 6 # 0. 

The layer dependences of the order parameter are shown in Figure 1 for 
the typical values of 6 at typical temperatures. We see that the order para- 
meter near the substrate are sensitive to the strength of the surface field. We 
also see that the order parameters can be induced in the isotropic phase 
near the substrate. For typical values of 6,  the order parameters in the first 
layer vary with temperature are given in Figure 2, they are discontinuous at 
the nematic-isotropic transition points and they are not equal to zero in the 
isotropic phase for 6 # 0. For lack of the Monte Carlo simulation data, the 
comparison between these numerical results and those of the mean field 
theory is not given. 

We have constructed the two-particle cluster theory to study nematic 
liquid crystals confined by.parallel planes. The theory in this paper is an 
important generalization of the previous theory [a] used to treat the freely 
suspended films. Our theory is better than the mean field theory in the case 
of 6 = 0, demonstrated by the Monte Carlo simulation method [7,8, lo]. 

TABLE I 
( t  = k T / J )  for typical values of relative strength 6 

The nematic-isotropic transition temperatures tc 

b 0 0.2 0.5 1.0 

Two-Particle 
cluster Theory 1.1533 1.1627 1.1696 1.1722 
Mean Field 
Theory 1.3128 1.3205 1.3296 1.3320 
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1 10 
m 

FIGURE 1 
temperatures. (a) 6 = 0; (b) 6 = 0.2; (c) 6 = 0.5; (d) 6 = 1.0. 
0 for t = 1.2. 

The layer dependences of the order parameter for the typical values of 6 at typical 
for t = 0.5; A for t = 1 .0; 0 for f = 1.1 5; 
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FIGURE 1 (Continued). 
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FIGURE 2 The order parameters in the first layer vary with temperature. From the top to 
bottom, they are for 6 = 1.0,6 = 0.5,6 = 0.2,6 = 0, respectively. 

We hope that the results described above can interest someone who works 
on the Monte Carlo simulation of nematic liquid crystals. 
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